We investigate the selection and uniformization properties for classes of structures constructed by the FefermanVaught generalized product. We show that if classes Ã ½ and Ã ¾ have the selection (respectively, uniformization) property, then the generalized product of these classes has the selection (respectively, uniformization) property.
Introduction
Here and below " ½ " stands for "there is at most one", and " " stands for "there is a unique"
and Ø is a list of distinct variables. We say that ´ Øµ is a selector for ³´ Øµ over Ã if ( The selection and uniformization properties were studied for some important structures [6, 1, 3, 4, 5] . The uniformization problem for monadic second order logic of order over the structure of natural numbers plays a very important role in automata theory [1] and it has a natural game interpretation. Gurevich and Shelah [3] proved that the full binary tree has neither the uniformization nor selection properties. Lifsches and Shelah [4, 5] provided a full classification of trees, according to the selection (respectively uniformization) property. The selection problem is also tightly connected to the elimination of Hilbert's¯-symbol [6] .
The aim of this paper is to investigate the inheritance of the selection and uniformization properties by algebraic constructions. The simplest of such construction is the direct product of structures.
Direct Product. Let (for ¾ ÁÒ ) be a family of structures for a relation vocabulary ¦.
The direct product of is the structure ¥ ¾ÁÒ for the vocabulary ¦ defined as follows:
1. The universe of the structure is the Cartesian product ¥ ¾ÁÒ of the universes of ( ¾ ÁÒ ); hence, the universe is the set of all functions with the domain ÁÒ , such that for each ¾ ÁÒ , ´ µ is an element of .
2. The interpretation of an Ò-ary relation symbol Ê in the product is defined as follows:
It is easy to see that the class of well-ordered sets has the selection property. However the class of direct products of well-ordered sets does not have the selection property. In particular the formulas Ù Ù Ø does not have selector over this class.
Ultraproduct. Let
(for ¾ ÁÒ ) be a family of structures for a relation vocabulary ¦.
Let be an ultrafilter of subsets of ÁÒ . The ultraproduct of over is the structure ¥ for the vocabulary ¦ defined as follows. First, define an equivalence relation on the elements of the direct product ¥ ¾ÁÒ :
We denote the equivalence class of by . From this fact it is easy to infer that the selection and uniformiztion properties are inherited by the ultraproduct; i.e., if a class Ã of structures has the selection (respectively uniformization) property, then the class of the ultraproducts of structures from Ã has the selection (respectively uniformization) property.
In [2] Feferman-Vaught introduced a generalized product construct which encompasses a wide variety of algebraic constructions. This construct associates with a structure ÁÒ (index structure) and a family ´ ¾ ÁÒ µ of factor structures the generalized product structure of over ÁÒ . The Feferman-Vaught theorem reduces the first-order theory of the generalized product to the first-order theory of the factors and the first-order theory of an algebra of subsets over indices.
Our main result shows that if classes Ã ½ and Ã ¾ of structures have the selection (respectively, uniformization) property, then the generalized product of these classes has the selection (respectively, uniformization) property.
Our proofs are constructive. They reduce a construction of a selector for ³ in the generalized product of Ã ½ over Ã ¾ to a construction of (a finite set of) selectors in the class Ã ½ and a construction of (a finite set of) selectors in the class Ã ¾ .
The paper is organized as follows. In Section 2 we fix notations, recall the definition of the generalized product construct and state the Feferman-Vaught theorem. In Section 3 we show that the selection property is inherited by the generalized product construct. In Section 4 we show that the uniformization property is inherited by the generalized product construct. Section 5 contains final remarks and states open problems.
Generalized Product
Notations. Let be a structure. We use for the universe of and Ê for the interpretation of the relation symbol Ê in . However, whenever there is no confusion we will also use for the universe of ; sometimes we use " ¾ " instead of " ¾ ". We write ³´Ø ½ Ø µ to indicate that the free variables of ³ are among Ø ½ Ø . Let ³´Ø ½ Ø µ be a formula in a language Ä. We write ½ ³´Ø ½ Ø µ if the formula ³´Ø ½ Ø µ is true in the structure for Ä when the elements ½ in are assigned to the variables names Ø ½ Ø . We also abbreviate these to ³´ ½ µ. or to ³´ µ where the bar denotes a tuple of the appropriate length; whenever or are clear from the context we even will use
In a seminal paper [2] Feferman-Vaught introduced a generalized product; their composition theorem reduces first-order theory of the generalized product to the first-order theory of the factors and the first-order theory of an algebra of subsets over indices.
For the reader's convenience we recall the relevant definitions.
Let Ä Ò be a signature. A structure is called an Ä Ò algebra of subsets over a set Á if 1. The universe of is the set of subsets of Á, 2. is a structure for the signature Ä Ò £ , where £ is a constant symbol interpreted as the empty set, is a unary function symbol interpreted as the complementation relative to Á, and are binary function symbols interpreted as the binary union and intersection operators and is a binary relation symbol interpreted as the inclusion relation. There is no restriction on the interpretation of Ä Ò symbols.
We will use upper case letters for the variables ranging over the universe of Ä Ò algebras over Á. Note that every such variable is interpreted as a subset of Á. The generalized product construct will deal with Ä Ò -a language and ÁÒ -an Ä Ò algebra of subset over ÁÒ ; Ä ØÓÖ -a language and a family (for ¾ ÁÒ ) of factor structures for Ä ØÓÖ and Ä Ö ×ÙÐØ -a language for a generalized product and -a structure for Ä Ö ×ÙÐØ
The universe of the structure for the generalized product of ( ¾ ÁÒ ) will be the Cartesian product ¥ ¾ Á Ò of the family ( ¾ ÁÒ ); hence, the universe is the set of all functions with the domain ÁÒ such that for each ¾ ÁÒ , ´ µ is an element of . The interpretation of symbols in Ä Ö ×ÙÐØ is defined by the Feferman-Vaught determining sequences. We recall the syntax and the semantics of these sequences. DEFINITION 2.1 (Determining sequence for an n-nary predicate -Syntax)
An Ò-ary determining sequence consists of
las (the free variables of these formulas are among Ü ½ Ü Ò ) and 2. A formula ´ ½ Ñ µ in the language for Ä Ò algebras (the number of the free variables is at most as the length of the sequence of Ä ØÓÖ formulas). Now we are ready to define the semantics of the generalized product. Let ÁÒ be an Ä Ò algebra of subset and let ( ¾ ÁÒ ) be a family of Ä ØÓÖ structures. The generalized product of over ÁÒ is denoted by ¥ Á Ò and is defined as the following structure:
Signature: Ä Ö ×ÙÐØ has exactly one Ò-ary relation symbol for every Ò-ary determining sequence. Universe: The Cartesian product of -the universes of ( ¾ ÁÒ ).
Interpretation of relation symbols:
To define the interpretation of a relation symbol that corresponds to a determining sequence
we need to introduce some notations. The Ò-tuple ½ Ò satisfies the determining sequence described above iff
Finally, a relation symbol that corresponds to the above determining sequence is interpreted as the set of tuples that satisfies the determining sequence. Let Ã ½ be a class of Ä ØÓÖ structures and let Ã ¾ be a class of Ä Ò algebras. If Ã ½ has the selection property and Ã ¾ has the selection property, then the generalized product of Ã ½ over Ã ¾ has the selection property.
PROOF. By lemma 3.1 it is sufficient to show that for every ³´Øµ there is exists ´Øµ which is a selector for ³ over the generalized product of Ã ½ over Ã ¾ .
Let ³´Øµ be a formula in Ä Ö ×ÙÐØ and let ¬´ ½ µ « ½´Ø µ « ´Øµ be the partitioning determining sequence that corresponds to ³´Øµ by Theorem 2.3.
Let ´Øµ be selectors for « ´Øµ over Ã ½ .
Let AE´ ½ µ be a selector for È ÖØ´ ½ µ ¬´ ½ µ over the class Ã ¾ . Let ´Øµ be defined by the determining sequence AE ½´Ø µ ´Øµ . In the rest of this section we show that ´Øµ is a selector for ³´Øµ over the generalized product of Ã ½ and Ã ¾ .
Let ÁÒ be in Ã ¾ and let ( ¾ ÁÒ µ be a family of structures from Ã ½ . Let Å be the ½´Ø µ ¾´Ø µ; this implies that « ½´Ø µ « ¾´Ø µ; since « ´Øµ is a partitioning sequence we will obtain that ½ ¾ .) Therefore, È É , hence, by (3.13) and (3.14) we obtain that ÁÒ È ÖØ´É ½ É µ ¬´É ½ É µ Let Ã ½ be a class of Ä ØÓÖ structures and let Ã ¾ be a class of Ä Ò algebras. If Ã ½ has the uniformization property and Ã ¾ has the uniformization property, then the generalized product of Ã ½ over Ã ¾ has the uniformization property.
PROOF. We will show that for every ³´Ø Ùµ there exists ´Ø Ùµ which uniformizes ³´Ø Ùµ over the generalized product. The general case when Ø and Ù are lists of variables is proved exactly in the same way.
Let ³´Ø Ùµ be a formula in Ä Ö ×ÙÐØ and let ¬´ ½ µ « ½´Ø Ùµ « ´Ø Ùµ be the partitioning determining sequence that corresponds to ³´Ø Ùµ by Theorem 2.3. We have to construct ´Ø Ùµ that uniformizes ³. Below we first describe the construction of and then prove that the construction is correct. Since Ñ´Ø Ùµ uniformizes « Ñ´Ø Ùµ, by (4.9), (4.10) and (4.13), we obtain for ¾ É Ñ (4.14) 
Final Remarks
The generalized product, as was defined here following [2] , has infinitely many relation symbols; one symbol for every determining sequence. If one takes a set ¡ of determining sequences one can define a notion of product which has in the vocabulary only symbols that correspond to the sequences in ¡. Such a notion of product was referred in [2] as a generalized product. We will also refer to it as ¡-product.
The direct product considered in the Introduction is an instance of a generalized product. As it was mentioned there, the direct product does not inherit the selection and uniformization properties.
It is interesting to characterize those generalized products that inherit selection (or uniformization) property. A related algorithmic problem can be stated as follows. Assume that the classes of structures Ã ½ and Ã ¾ are decidable. Given a finite set ¡ of determining sequences. Is it decidable whether the ¡-product of Ã ½ over Ã ¾ has the selection (respectively uniformization) property?
